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Abstract

Thispaperpresentsparameterizedmodule-generatorsfor pipelinedfunctionevaluation
usinglookuptables,adders,shiftersandmultipliers.Wediscusstrade-offs involvedbe-
tween(1) full-lookup tables,(2) bipartite(lookup-add)units,(3) lookup-multiplyunits,
and(4) shift-and-addbasedCORDICunits.For lookup-multiplyunitsweprovideequa-
tions estimatingapproximationerrorsandroundingerrorswhich areusedto parame-
terizethehardwareunits.Theresourcesandperformanceof theresultingdesigncanbe
estimatedgiventheinput parameters.Themethodis implementedaspartof thePAM-
Blox modulegenerationenvironment.An exampleshows that the table-multiplyunit
producescompetitivedesignswith datawidthsup to 20bitswhencomparedwith shift-
and-addbasedCORDICunits.Additionally, thetable-multiplymethodcanbeusedfor
largerdatawidthswhenevaluatingfunctionsnotsupportedby CORDIC.

1 Introduction

The evaluationof differentiablefunctionscanoftenbe theperformancebottleneckof
many compute-boundapplications.Examplesof thesefunctions include elementary
functionssuchas

���
	���
��
or � 
 , and compoundfunctionssuchas

����������������
������� �
or !�" � � ��
��
#$� . Hardwareimplementationof elementaryfunctionsarestudiedby Wong
andGoto [16]. AdvancedFPGAsenablethedevelopmentof low-costandhigh-speed
functionevaluationunits,customizableto particularapplications.Suchcustomization
can take placeat run time by reconfiguringthe FPGA, so that different functionsor
precisionscanbeintroducedaccordingto run-timeconditions.

Thispaperpresentsparameterizabledesignsfor evaluatingadifferentiablefunction
usinglookuptables,addersandmultipliers,whichcanbeimplementedveryefficiently
usingFPGAsandotherstream-basedarchitectures[4], [11], [7], [5]. We describear-
chitecturesbasedonfull-lookup units,lookup-addunitsandlookup-multiplyunits,and
comparetheir sizeandperformancefor differentinputdatawidths.Thesearchitectures
areoftenhighly pipelinedfor high throughput.Suchparallelismprovidesanedgeover
general-purposemicroprocessors.

Modulegeneratorsareimplementedin thePAM-Blox environment[8], so that in-
stancesof particulararchitecturescanbe generatedrapidly andautomaticallyfrom a
parameterizeddescription.The key problemaddressedin this paperis the automatic
generationof parameterizedfunctionevaluationunits.Thechallengeis to find the re-
quired intermediateprecisionsgiven an input and output precisionrequirement.For



example,if werequirea15-bitsinefunctionfrom a13bit input,themodule-generators
haveto createthefunctionevaluationunit while optimizingspeedandareaof theunit.

Preliminaryresultssuggestthatthereis a tradeoff betweenthevarioustablelookup
methodsandshift-and-addbased(e.g.CORDIC)unitsbasedonthenumberof required
bits[2], [9], [14]. This papershedssomelight into thedetailsof this tradeoff, andthe
applicabilityof thevariousmethodsto a modulegenerationenvironment,which is the
heartof computingwith FPGAs.

2 Function Evaluation Methods

Our objective is to provide efficient circuits for differentiablefunction evaluation.In
general,function evaluationconsistsof threestages.The first stage,rangereduction
(seefor exampleMuller [10], Chapter8), reducesthe argument



to a small interval% &�'�(�)

, resultingin a new argument


. The secondstageevaluatesthe function * � 
+� .

Thethird stageextrapolates* ��
�� from * � 
�� . In thispaper, weareonly concernedwith
thesecondstage:evaluatinga function * ��
�� where



is in a smallevaluationinterval% &�'�(�)

. For any given function,areaandtiming restrictions,thereexist many different
architectureswith differentevaluationintervals[a,b].

For reconfigurabledatapaths,we aremainly concernedwith high throughputar-
chitectures.We thereforelimit ourselvesto fully-pipelinedFPGAimplementationsof
functionevaluationunits.In thefollowing, we describethreearchitecturesfor evaluat-
ing agivenfunctionbasedon lookuptables.

2.1 Three Lookup-Table based Units

Thefirst architecture,a full-lookup unit, consistsof asinglelookuptable.While a full-
lookup table is straightforward to implement,its sizeandlatency grows very rapidly
with therequiredprecisionor range.

Thesecondarchitecture,a lookup-addunit (Figure1), is basedon bipartitetables
involvinganadditionof theresultsof two parallellookups.Theuseof symmetrictables
furtherreducestherequiredmemorywhile improving theerrorbound[12]. However,
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Fig. 1. Bipartite (lookup-add)tablescomputingthe function ,.-0/21 . /�3 and /54 aresubstringsof
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Fig. 2. A lookup-multiplyunit evaluating,.-0/21 . /56 are 7 bitsof thebinaryinput / .

in contrastto thefull lookup,wenow haveto find theprecisionrequiredfor eachof the
tablesandthe precisionfor thefinal addition.Currentstate-of-the-artusessimulation
to find theappropriateinternalbitwidths.

The third, and most promisingarchitectureis a lookup-multiply unit (Figure2)
basedonaffinepolynomialapproximationof adifferentiablefunction.Thecoefficients
for a polynomialapproximationcanbecomputedto minimizetheaverageerrorof the
approximationover thedesiredinterval. The 8 most-significantbits of theinput



are

usedto lookuptheintermediatevaluein thelookuptable,andtheproductof thisvalue
and



is thenproduced.

2.2 Shift-and-Add based CORDIC units

CORDIC units areoneof a family of shift-and-addbasedfunction evaluationmeth-
ods.ThebasicCORDICunit computesup to two functionssimultaneouslyusingonly
constantshiftsandadditions.Detailson theCORDICarchitecture,it’s advantagesand
limitations canbe found in the literature(e.g. [2], [9], [14]). In summary, CORDICs
convergeapproximatelyat around1 bit pershift-add.Thus,a 10-bit CORDICunit re-
quiresabout10 stagesof shiftsandadds.CORDICslendthemselvesnaturallyto high
throughputpipelining.Oneof thedisadvantagesis thatCORDICsarelimited to a rela-
tively smallsetof elementaryfunctions.

3 The Lookup-Multiply Method

3.1 Parameterizing the Lookup-Multiply Unit

This sectioncontainsan exact mathematicaldescriptionof the relationshipsbetween
theexternalandinternalprecisionsfor a lookup-multiplyunit. Theavailability of such
adescriptionis themainadvantageof thetable-multiplymethodoverbipartite(lookup-
add)methodsandshift-and-addbasedCORDICs.

To constructa modulegeneratorfor a lookup-multiply unit, we needto compute
all internalparameters(precisions)givena particularfunction,andtherequiredpreci-
sion/rangeof theoutput,denotedby thewidth 9 of theresult.Internalparametersconsist
of thewidthandheightof thelookuptablesandthenumberof bitsfor themultiplication
andaddition.

Assumewe requirea unit to computea function * ��
�� . We first computea contin-
uouspiecewiseaffine approximationof thefunction * ��
�� , asshown in Figure3. This
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Fig. 3. :�-0/51 is theiecewiselinearapproximationof ,.-0/21 .
approximatingfunction is called ; . We computethe function * on an interval

% &�'�( �
.

Then,wecut this interval into <>=@?BA intervals
% C�D < ' � C #E�F� D < � (

CHGI% J�' < ) ). Thevalue,8 , is alsothenumberof most-significantbits thatareusedto lookuptheintermediate
value in the lookup table.All the valuesarecomputedwith K bits, and the result is
roundedto 9 bits ( 9MLNK ). O; is the function in hardwarewhich approximates; , andit
maycontainroundingerrors.

To providea methodfor estimatingthebitwidthsrequiredfor a givenprecision,we
haveto dealwith two sourcesof error:approximationerrorandroundingerror.PRQRQ2S
QBT�UVT�W�X = P�QRQ2SYQYW[Z�Z�\�U^] # PRQRQ2S
Q
\�U[_�`�a

(1)

Thefirst error b W[Z�Z�\�U�] comesfrom theapproximationof thefunction ; :PRQRQ5SYQ W[Z�Z�\�U�] =dc e ��f2�g�Ih���f2� c�i �kj�lnmpo[q�rts�u��wvyx "{z|~}5� �~� �k� � c e5� � ���5� c � (2)

Theapproximationerror
PRQRQ2S
Q�W[Z�Z�\�U^]

is a functionof thenumberof intervalsstoredin
thelookuptablefor ; andthemaximumdeviationof * ��
�� from its linearization; ��
�� .
Thismaximaldeviation is controlledby thesecondderivative * � � ��
�� .

Theseconderror
PRQRQ2S
Q
\�U[_�`�a

comesfrom roundingerrorsinsidetheevaluationunit:PRQRQ5SYQ \�U[_�`�a =��� h���f2�w� O h���f2� �� L������R� v�j�lnm���l � u�#�j�l�m X r � u (3)

In this case,
PRQRQ2S
Q
\�U[_�`�a

is a functionof theinternalprecisionK andthefinal precision9 . Givenapiecewisedifferentiablefunction * ��
�� anda targetprecision9 , wecaneasily
find valuesfor 8 and K to guaranteetheprecisionof thefinal resultup to oneunit in
thelastplace.

Moredetailsonthederivationof theequationsabovecanbefoundin areportavail-
able from the authors[3]. Similar error analysistechniquescan be found elsewhere
[13]. Using theseequations,lookuptableareacanbeminimizedwith respectto valid
valuesof 8 and K for a targetprecision9 .

For * to beapproximatedto 9 bit rangeanddomainaccuracy, ( 9MLNK ) musthold.
Underthis conditionthereis no benefitin replacingthe lookup tablewith a bipartite
table,as its minimal areais boundedby the target function output width, K . A full
lookup tableis the mostefficient approximatorfor functionswith a small numberof



input bits sincethe full-lookup grows with ?B�
��� �������F���F���[����� . Our experienceshows that
thereis no benefitin cascadingbipartiteandlookupmultiply functionapproximation
methods.

3.2 Resources and Performance of Lookup-Multiply Units

Thetwo equations(2,3) shown above,provide a way of determiningbitwidths for the
multiply-lookup unit to meetaccuracy requirements.This sectionsuggestsa generic
layoutfor thehardwareimplementation,in orderto developparametricestimatesof the
requiredresourcesandtheachievableperformance.

We start by deriving an estimatefor the resources.O; ��
�� is encodedwith 9 bits,
whereasall theothernumbersareencodedwith K fractionalbits.Let   bethenumber
of bitsof theinput.Generally, wehave  ¢¡�8 and ¤£�9 .

Thegoalis to placetheunit into arectangle.Ourdesigncontainstwo lookuptables,
sothatthetwo lookupsfor * ��� C #��F� D < � and * � C�D < � (seeFigure2) canbecarriedout
in parallel.Onelookuptable(LUT1) contains?BA numbersof K #$� bits,while theother
lookuptable(LUT2) has?
A numbersof K bits.Therearealso

� K #¢�F� -bit by
�   � 8 � -bit

multiplier, one
� K #¥�¦�

-bit adder, andan 9 -bit roundingunit.
If 8¨§�© , thenthetwo lookuptablesfit into rectangles:

ªR« �5¬{­^®�¯ � = j q�l�s #±°²�Ej³vY��´µx¶�5·²jR�¸ ¹ ��º.#±°¦�
(4)

and ª5« �5¬ ­^®�¯ o = j q�l�s #±°²�Ej³vY��´µx¶�5·²jR�¸ ¹ º (5)

If 8¨L�© , therectanglesare ª5« �5¬B­V®�¯ � = ° ¹ ��º.#±°¦�
and ª5« �5¬B­V®�¯ o = ° ¹ º .

Themultiplier fits into a
�   � 8 � ¹ � K #»�¦�

rectangle,theadderin a
� ¹ � K #±�F�

rectangle,andtheroundingunit in a
� ¹ 9 rectangle.Hencethewholelookup-multiply

designfits into a rectangle¼ ? v ªR« �5¬ T�UVT�W�X = j q�l�s #±°²�Ej³v��p´Mx��5·µjR�¸ #��0½¾�¢´���#�j
¿ ¹ � K #@�F�
asshown in Figure4, assumingthat 8¨§À© .

We now considertheperformanceof our design.Thedelayof both lookup tables
is
�µ#@x "{z � J�'�Á � 8 �EÂ
� DBÃ{Ä �

cycles.Both lookupscanbe performedin parallel.The
delayof themultiplier is

�Å#ÇÆ��   � 8 # Á ��È�� K � ? ��� DBÉ Â Ä{D Â{Ê cycles.Thedelayof the
adderis 1 cycle; asis thedelayof theroundingunit. Hence,thetotal delayof thefully
pipelinedapproximatoris:Ë ¬5Ì�ÍYÎ T�U^T�W�X = x "{z ¼ � '�Ï ´Ð� �ÑÓÒ ¿ #ÕÔ ½��Ö´�# Ák× ��ºØ�ÙjR� D ¸ � Ä� Ú #EÛ
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Fig. 4. Proposedlayoutof thelookup-multiplyunit.

3.3 Example: û�üÅý�þyÿ
Considerthehardwareunit for computingthenaturallogarithmwhich is a representa-
tive elementaryfunction.We compute

������
��
in the interval

% � ' ? � : * ��
�� = �������²#À
��
.

This functionfulfills all therequirementsoutlinedabove.We know * � ��
�� = � D ��� # 
��
and * � � ��
�� = �³� D ���y#Ù
�� �

. Hencefor equation2 with * ��
�� = �p����
��
:x "{z� }5� ��� � � c * � � ��
�� cY= �

.
Assumingthat the input andthe outputareboth � bits wide, we have 9³=�� and  =��
�À�

. We now haveto choose8 and K .
Becauseof theterm ?
A in thespaceneededby thedesign,we choosethesmallest

possible8 . Thus,wechoose8 = Æ 9 D ? Ê sothat? lnm � A r���unvMx "{z� }5� ��� � � c *³� � ��
�� c5L¥? lnm	��r � u
Considerthecasethat 9 is even,suchthat 8Õ=@9 D ? . We chooseKÐ=¥9 # ? suchthat¼ �²� �© ¿ ? lnm�
Fl � u iÀ? l�m	�pr � uw� ? lnm	��r���u

If 9 is odd,then 8Õ= � 9 �À�F� D ? . We chooseK¶=@9 # É suchthat¼ �²� �© ¿ ? lnm�
Fl � u iÀ? l�m	�pr � u � ? lnm	��r � u
Moreover, sincethe logarithmis an increasingfunction,we canadopta rounding

methodsothatall thevaluesinvolvedin thecomputationarepositive.This meansthat
thereis noneedto storeor computesignbits.



Hencethedesignfor a lookup-multiply
�p����
��

unit fits into a rectangle:ª5« �5¬ X[` m ] u = ¼ j³v j q�l�s #±°²�Ej��p´Mx¶�R·µjR�¸ #��0½��Ö´���#�j ¿ ¹ º
4 Implementing the Module Generators in PAM-Blox

Thefunctionevaluationunitsareimplementedasclassesin C++ within PAM-Blox[8].
The input parametersset the precisionof the input andoutputvalues.Inheritanceis
usedthroughouttheimplementationtooptimizecodeefficiency. Thetopclassevaluates
polynomial functions.The first subclassinheritsall the functionality of the top class
and specializesthe evaluationto, for instance,piecewise polynomial functions.The
subclassof thepiecewisepolynomialevaluationclassevaluatesa givenfunctionusing
the lookup-multiply unit. Hence,we can reusesomepartsof the codeto build, for
example,highdegreepolynomialapproximationsin thefuture.

The example in Figure5 shows how to utilize the lookup-multiply class to
build a hardware unit for the logarithm function. The code example shows the
Lookup Multiply Log class,whichgenerates

������
��
evaluationunitsthatcanguar-

anteea particularoutput precisiongiven input and output precisions.The value of
INTERNAL WIDTH, which correspondsto theprecisioninsidetheunit, follows from
equation2 andequation3.

// hardware unit for the logarithm function

const int INTERNAL_WIDTH = OUTPUT_WIDTH+2+(OUTPUT_WIDTH%2);

template<int INPUT_WIDTH, int OUTPUT_WIDTH>
class Lookup_Multiply_Log:

public Lookup_Multiply<INPUT_WIDTH,
OUTPUT_WIDTH,
INTERNAL_WIDTH,
OUTPUT_WIDTH/2> {

public:

// constructor
Lookup_Multiply_Log(WireVector<Bool, INPUT_WIDTH> &input_in,

Bool *clock=NULL,
const char *name=NULL):

Lookup_Multiply<INPUT_WIDTH,
OUTPUT_WIDTH,
INTERNAL_WIDTH,
OUTPUT_WIDTH/2>(input_in, clock, name){}

double Eval_Function(double x){
return log(1.0+x);

}

};

Fig. 5. Thelookup-multiplymethoddescribedin PAM-Blox.



5 Results

This sectioncomparesthe resultsof implementinga given function using the full-
lookupmethod,the lookup-addmethod,the lookup-multiplymethod,anda shift-and-
addbasedCORDICdesign.

In a full-lookup unit, the precision/range( 9 ) determineswidth ( 9 ) andheight( ? � )
of the lookup table.The procedurefor implementinglookup-addunits canbe found
elsewhere[12], while thatfor implementinglookup-multiplyunitshasbeenoutlinedin
Section3.1.

In contrast,parallel,pipelinedCORDICdesignsrequiretwo parameters:thenum-
ber of bits per iteration stage,and the number of stages.Determining the mini-
mal precisionof eachstageinside CORDIC units is complex. We can, however,
give an upper bound on the required bits of precision inside the CORDIC unit:� 9 # ����� # of shift-and-add stages

���
. Thetotalnumberof requiredstagesdependsonthe

approximatedfunction,theinternalscalingmethod[10] [1], theprecisionof eachstage,
andof coursetheprecisionrequiredat theoutput.In general,CORDICunitsconverge
at the approximaterateof onebit per stage,which we usefor our estimates.A more
precisedeterminationof theneedednumberof stagesrequiresextensivesimulationsfor
eachfunction,internalprecision,scalingmethod,andfor eachoutputprecision.

Figure6 shows the resultsfor the areaof a function evaluationunit, in our case* ��
�� = �p�w��
��
for Xilinx XC4000FPGAs.Xilinx XC4000FPGAsconsistof a2D array

of ConfigurableLogic Blocks (CLBs). EachCLB containstwo 4-input lookup tables
andtwo flip-flops.In lookup-basedfunctionevaluation,theproportionof CLBsusedas
lookuptableROM growsasprecisionis increased.If implementedonamodernFPGA
architecturesuchasXilinx Virtex devices,CLB countcouldbesignificantlyreducedby
storinglookuptableentriesin availableblockRAMs.

Table1 shows the latency of the fully-pipelinedunits in numberof clock cycles.
We assumethat thecycle timesfor thedifferentunitsaresimilar, becausethey areall
fully-pipelined,possiblyincludingacarrychain,betweenany two registers.

datawidth full-lookup lookup-addlookup-multiplyCORDIC

4 1 2 4 5
8 2 2 5 9
12 2 3 6 13
16 3 3 7 17
20 4 4 7 21
24 4 4 9 25

Table 1. Speedcomparison,in numberof clock cycles,for designswith varyingdata
width.

To summarize,for datawidth up to around10 bits,a full-lookup unit providesthe



Fig. 6. Sizecomparison,in width � height 
 CLBs, of designswith varying datawidth. Note
thatvaluesfor bipartitetablesareestimatedbasedoncomputationalresourcesperCLB.

best trade-off in size and performance.For datawidth between10 and 12 bits, the
lookup-adddesignis appropriate.For datawidth between12 and20 bits, the lookup-
multiply designshouldbeconsidered.For datawidth morethan20bits,CORDICpro-
videsefficientsolutionswithin its limitations.

The arearesultsshow that for datawidths up to about20 bits, a lookup-multiply
strategy resultsin similaror smallerareathana shift-and-addCORDICunit. However,
while thelookup-multiplyunit canbeautomaticallydesignedto computeany differen-
tiablefunction,theCORDICunit is limited to a smallsetof elementaryfunctionsand
hasa lessregular architectureacrossall possiblefunction evaluationsthana lookup-
multiply unit.

6 Conclusion

The paperpresentsan approachto parameterizepipelineddesignsfor differentiable
functionevaluationusinglookuptables,adders,shiftersandmultipliers.Thisapproach
canbeusedtodevelopefficientimplementationsof functionevaluatorsbasedonlookup
tables,thesizeandperformanceof whichcanbeestimatedparametrically.

Our approachis implementedin C++ aspartof thePAM-Blox modulegeneration
environment.Wedemonstratethat,dependingonthedatawidth,differentlookup-based
implementationsfor functionevaluationshouldbe usedto improve efficiency. Exam-
plesconfirmthat the lookup-multiplyapproachproducescompetitive designsfor data



widthsup to 20 bits whencomparedwith shift-and-addbasedCORDICunits,without
suffering from the limitationsof CORDIC.Additionally, the tablemultiply methodis
applicableto largerdatawidthswhenevaluatingfunctionsnotsupportedby CORDIC.

Currentandfuturework includesassessingtheeffectivenessof thelookup-multiply
approachfor variousdifferentiablefunctions,relatingourtoolstootherpipelinesynthe-
sis techniques[15], retargetingour modulegeneratorsto cover the latestFPGAs,and
extendingthedevelopmentframework to supportrun-timereconfigurabledesigns.
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