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Abstract

This papempresentparameterizechodule-generatoifer pipelinedfunctionevaluation
usinglookuptablesaddersshiftersandmultipliers.We discusgrade-ofs involvedbe-
tween(1) full-lookup tables(2) bipartite(lookup-add)units, (3) lookup-multiplyunits,
and(4) shift-and-addasedCORDICunits.For lookup-multiplyunitswe provide equa-
tions estimatingapproximatiorerrorsandroundingerrorswhich are usedto parame-
terizethe hardwareunits. Theresourcesndperformancef theresultingdesigncanbe
estimatedyiventheinput parametersThe methodis implementedaspartof the PAM-
Blox modulegeneratiorervironment.An exampleshaws that the table-multiply unit
producesompetitve designswith datawidthsup to 20 bits whencomparedvith shift-
and-addasedCORDICunits. Additionally, thetable-multiplymethodcanbe usedfor
largerdatawidthswhenevaluatingfunctionsnot supportedy CORDIC.

1 Introduction

The evaluationof differentiablefunctionscanoften be the performancebottleneckof
mary compute-boundapplications Examplesof thesefunctionsinclude elementary
functionssuchaslog(z) or v/z, and compoundfunctionssuchas (1 — sin?(z))'/?
ortan?(z) + 1. Hardwareimplementatiorof elementarfunctionsarestudiedoy Wong
andGoto[16]. AdvancedFPGAsenablethe developmentof low-costandhigh-speed
function evaluationunits, customizabldo particularapplications Suchcustomization
cantake placeat run time by reconfiguringthe FPGA, so that differentfunctionsor
precisionsanbeintroducedaccordingo run-timeconditions.

This paperpresentparameterizabldesigndor evaluatinga differentiableunction
usinglookuptables,addersandmultipliers,which canbeimplementedrery efficiently
using FPGAsandotherstream-basedrchitecture$4], [11], [7], [5]. We describear-
chitecturedpasedn full-lookup units,lookup-addunitsandlookup-multiplyunits,and
compareheir sizeandperformancdor differentinput datawidths. Thesearchitectures
areoftenhighly pipelinedfor high throughputSuchparallelismprovidesanedgeover
general-purposmicroprocessors.

Module generatorareimplementedn the PAM-Blox ervironment[8], sothatin-
stancef particulararchitecturecanbe generatedapidly and automaticallyfrom a
parameterizediescription.The key problemaddressedn this paperis the automatic
generatiorof parameterizefunction evaluationunits. The challengeis to find the re-
quired intermediateprecisionsgiven an input and output precisionrequirementFor



example,if werequirea 15-bitsinefunctionfrom a 13 bit input,themodule-generators
have to createthe functionevaluationunit while optimizing speedandareaof theunit.

Preliminaryresultssuggesthatthereis a tradeof betweerthe varioustablelookup
methodsandshift-and-addasede.g.CORDIC)unitsbasednthenumberof required
bits[2], [9], [14]. This papershedssomelight into the detailsof this tradeof, andthe
applicability of the variousmethodgo a modulegeneratiorervironment,which is the
heartof computingwith FPGAs.

2 Function Evaluation M ethods

Our objective is to provide efficient circuits for differentiablefunction evaluation.In
general function evaluationconsistsof threestagesThe first stage,rangereduction
(seefor exampleMuller [10], Chapter8), reduceshe argumentz to a smallintenal
[a,b], resultingin a new agumentz. The secondstageevaluatesthe function F'(Z).
Thethird stageextrapolated’(z) from F(z). In this paperwe areonly concernedvith
the secondstage:evaluatinga function F'(z) wherez is in a small evaluationinterval
[a,b]. For ary given function, areaandtiming restrictions thereexist mary different
architecturesvith differentevaluationintervals[a,b].

For reconfigurabledatapathsye are mainly concernedwith high throughputar
chitecturesWe thereforelimit oursehesto fully-pipelined FPGA implementation®f
functionevaluationunits. In the following, we describehreearchitecturegor evaluat-
ing agivenfunctionbasedn lookuptables.

2.1 ThreelL ookup-Table based Units

Thefirst architecturea full-lookup unit, consistof a singlelookuptable.While a full-
lookuptableis straightforward to implement,its size andlatengy grows very rapidly
with therequiredprecisionor range.

The secondarchitecturea lookup-addunit (Figure 1), is basedon bipartitetables
involving anadditionof theresultsof two parallellookups.Theuseof symmetrictables
furtherreduceghe requiredmemorywhile improving the error bound[12]. However,
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Fig. 1. Bipartite (lookup-add)tablescomputingthe function F'(z). z1 andz aresubstringsof
theoriginal binaryinput z.
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Fig. 2. A lookup-multiplyunit evaluatingF'(z). =, arem bits of thebinaryinputz.

in contrasto thefull lookup,we now haveto find the precisionrequiredfor eachof the
tablesandthe precisionfor the final addition. Currentstate-of-the-artisessimulation
to find theappropriaténternalbitwidths.

The third, and most promising architectureis a lookup-multiply unit (Figure?2)
basedn affine polynomialapproximatiorof a differentiablefunction. The coeficients
for a polynomialapproximatiorcanbe computedo minimize the averageerror of the
approximatiorover thedesiredinterval. The m most-significanbits of theinput z are
usedto lookuptheintermediatevaluein thelookuptable,andthe productof this value
andz is thenproduced.

2.2 Shift-and-Add based CORDIC units

CORDIC units are one of a family of shift-and-addasedfunction evaluationmeth-
0ds.ThebasicCORDIC unit computeaup to two functionssimultaneouslhysingonly
constanshiftsandadditions.Detailson the CORDIC architectureit’s advantagesand
limitations canbe found in the literature(e.g.[2], [9], [14]). In summary CORDICs
cornvergeapproximatelyat aroundl bit pershift-add.Thus,a 10-bit CORDIC unit re-
quiresabout10 stagesf shiftsandadds.CORDICslendthemselesnaturallyto high
throughputpipelining.Oneof the disadwantagess that CORDICsarelimited to arela-
tively smallsetof elementanfunctions.

3 ThelLookup-Multiply Method

3.1 Parameterizing the Lookup-Multiply Unit

This sectioncontainsan exact mathematicatlescriptionof the relationshipshetween
theexternalandinternalprecisiongor alookup-multiply unit. The availability of such
adescriptioris themainadwantageof thetable-multiplymethodover bipartite(lookup-
add)methodsandshift-and-addasedCORDICs.

To constructa modulegeneratoffor a lookup-multiply unit, we needto compute
all internalparametergprecisions)givena particularfunction, andthe requiredpreci-
sion/rangef theoutput,denotedyy thewidth [ of theresult.Internalparametersonsist
of thewidth andheightof thelookuptablesandthenumberof bitsfor themultiplication
andaddition.

Assumewe requirea unit to computea function F'(z). We first computea contin-
uouspieceavise affine approximatiorof the function F'(z), asshowvn in Figure3. This
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Fig.3. f(x) istheieceniselinearapproximatiorof F'(z).

approximatingfunctionis called f. We computethe function F' on anintenal [a, b).
Then,we cutthisinterval inton = 2™ intenvals[i/n, (i + 1) /n) (@ € [0, n]). Thevalue,
m, is alsothe numberof most-significanbits thatareusedto lookup the intermediate
valuein the lookup table. All the valuesare computedwith & bits, andthe resultis
roundedto [ bits (I < k). fis the functionin hardwarewhich approximates, andit
may containroundingerrors.

To provide a methodfor estimatinghebitwidthsrequiredfor a givenprecisionwe
have to dealwith two sourcef error:approximatiorerrorandroundingerror.

Erroriotar = Errorapprox + Errorroung (1)

Thefirst error Eqpprox COMesfrom the approximatiorof thefunction f:

EXToTappror = [F(x) — £(x)| < (27 H9). max, ([F"(2)[) 2
z€([0,1
TheapproximatiorerrorError ,pprox iS afunctionof the numberof intervals storedin
thelookuptablefor f andthe maximumdeviationof F'(z) fromits linearizationf (z).
This maximaldeviationis controlledby the secondderivative F"' (z).
TheseconcerrorError,.,,g cOmesrom roundingerrorsinsidethe evaluationunit:

Errorrouma = |f(X) - ’fv(x)| < 0.75 - o~ (k—1) + o—(1+1) 3)

In this case Error .ung IS a functionof theinternalprecisionk andthefinal precision
l. Givenapiecevisedifferentiablefunction F'(xz) andatargetprecision/, we caneasily
find valuesfor m andk to guaranteghe precisionof the final resultup to oneunitin
thelastplace.

More detailsonthederivationof theequationsabove canbefoundin areportavail-
able from the authors[3]. Similar error analysistechniquescan be found elsevhere
[13]. Usingtheseequations|ookuptableareacanbe minimizedwith respecto valid
valuesof m andk for atargetprecisionl.

For F' to beapproximatedo [ bit rangeanddomainaccuray, (I < k) musthold.
Underthis conditionthereis no benefitin replacingthe lookup table with a bipartite
table, asits minimal areais boundedby the target function output width, . A full
lookuptableis the mostefficient approximatorfor functionswith a small numberof



input bits sincethe full-lookup grows with 2nt-ofinputbits  Qur experienceshaws that
thereis no benefitin cascadingipartiteandlookup multiply function approximation
methods.

3.2 Resourcesand Performance of Lookup-M ultiply Units

The two equationg2,3) shavn above, provide a way of determiningbitwidthsfor the
multiply-lookup unit to meetaccurag requirementsThis sectionsuggestsa generic
layoutfor thehardwareimplementationin orderto developparametricestimate®f the
requiredresourcesindtheachiezableperformance.

We startby deriving an estimatefor the resourcesf (z) is encodedwith [ bits,
whereasall the othernumbersareencodedwith & fractionalbits. Let p be the number
of bits of theinput. Generallywe havep > m andp ~ [.

Thegoalis to placetheunitinto arectangleOur designcontaingwo lookuptables,
sothatthetwo lookupsfor F((i + 1)/n) andF'(i/n) (seeFigure2) canbe carriedout
in parallel.Onelookuptable(LUT1) contain®™ numberof k£ + 1 bits, while theother
lookuptable(LUT2) has2™ numberf & bits. Therearealso(k + 1)-bit by (p —m)-bit
multiplier, one (k + 1)-bit adderandan!-bit roundingunit.

If m > 4, thenthetwo lookuptablesfit into rectangles:

234+ 1—2-(mmod?2)

- x (k + 1) (@)

sizeyyr =

and

om=3414_92. d2
sizeLUT2 = + 3 (mmo ) X k (5)

If m < 4, therectanglesresizeryrs = 1 X (k + 1) andsizeryra = 1 X k.

Themultiplier fits into a (p — m) x (k + 1) rectangletheadderin al x (k + 1)
rectangleandtheroundingunitin al x [ rectangleHencethewholelookup-multiply
designfits into arectangle

2"3 +1—2- (mmod2)
3

(2 - sizZetotal = +(p—m)+ 2) x (k+1)

asshown in Figure4, assuminghatm > 4.

We now considerthe performanceof our design.The delayof both lookuptables
is 1 4+ max (0, [(m — 5)/6]) cycles.Both lookupscanbe performedin parallel. The
delayof themultiplieris 1 + [(p — m + [(8(k — 2))/35]/5] cycles.Thedelayof the
adderis 1 cycle; asis the delayof theroundingunit. Hence the total delayof thefully
pipelinedapproximatotis:

m—SD + {p—m—l— [8(k — 2)/35]

del =max | 0 4
€layiotal m (7’76 5 J+
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Fig. 4. Proposedayoutof thelookup-multiplyunit.

3.3 Example: In(x)

Considerthe hardwareunit for computingthe naturallogarithmwhich is a representa-
tive elementaryfunction. We computeln(z) in theintenal [1,2): F(z) = In(1 + z).
Thisfunctionfulfills all therequirementsutlinedabove.We know F'(z) = 1/(1 + x)
andF"(z) = —1/(1 + z)2. Hencefor equation2 with F(z) = In(z):

FII — 1
Jnax, |F" ()]

Assumingthat the input andthe outputare both ¢ bits wide, we havel = ¢ and
p = g — 1. We now haveto choosen andk.

Becausef theterm2™ in the spaceneededy the design we choosethe smallest
possiblem. Thus,we choosen = |I/2] sothat

2—(2m+3) . max |F”(:L‘)| < 2—(l+1)
z€1[0,1]

Considerthecasethat! is even,suchthatm = /2. We choosek = [ + 2 suchthat
(1 _ i) o=(k=1) < 9=(1+1) _ 9=(1+3)
If I is odd,thenm = (I — 1)/2. We choosek = | + 3 suchthat
(1 _ %) g=(k=1) < 9—(H41) _ 9=(1+2)

Moreover, sincethe logarithmis anincreasingfunction, we canadopta rounding
methodsothatall the valuesinvolvedin the computatiorarepositive. This meanghat
thereis no needto storeor computesignbits.



Hencethe designfor alookup-multiplyln(z) unit fits into arectangle:

2"=3 + 1 — 2(mmod 2)
3

sizein(y) = (2 +(p—-m)+ 2) X k

4 Implementing the Module Generatorsin PAM-Blox

Thefunctionevaluationunitsareimplementedasclassesn C++ within PAM-Blox[8].
The input parametersetthe precisionof the input and outputvalues.Inheritanceis
usedthroughoutheimplementatiorio optimizecodeefficiency. Thetop classevaluates
polynomialfunctions.The first subclassnheritsall the functionality of the top class
and specializeghe evaluationto, for instance piecavise polynomial functions.The
subclasof the piecavise polynomialevaluationclassevaluatesa givenfunctionusing
the lookup-multiply unit. Hence,we can reusesomepartsof the codeto build, for
example high degreepolynomialapproximationsn thefuture.

The example in Figure5 shovs how to utilize the lookup-multiply class to
build a hardware unit for the logarithm function. The code example shawvs the
Lookup_Mul ti pl y_Log classwhichgeneratetn(z) evaluationunitsthatcanguar
anteea particular output precisiongiven input and output precisions.The value of
| NTERNAL _W DTH, which correspondso the precisioninsidethe unit, follows from
equatior? andequation3.

/1 hardware unit for the | ogarithmfunction
const int | NTERNAL W DTH = OUTPUT W DTH+2+( OUTPUT_W DTH) ;

tenpl ate<int | NPUT_W DTH, int OUTPUT_W DTH>
cl ass Lookup_Mil tiply_Log:
public Lookup_Mul tiply<I NPUT_W DTH,
QUTPUT_W DTH,
| NTERNAL_W DTH,
QUTPUT_W DTH 2> {
public:

/'l constructor
Lookup_Mul ti ply_Log(W reVect or<Bool, | NPUT_W DTH> & nput _i n,
Bool *cl ock=NULL,
const char *name=NULL):
Lookup_Mul ti pl y<I NPUT_W DTH,
QUTPUT_W DTH,
| NTERNAL_W DTH,
OUTPUT_W DTH 2>(i nput _i n, clock, nane){}

doubl e Eval _Function(doubl e x){
return | og(1.0+x);

}

Fig. 5. Thelookup-multiplymethoddescribedn PAM-Blox.



5 Results

This sectioncompareshe resultsof implementinga given function using the full-
lookup method the lookup-addmethod the lookup-multiply method,anda shift-and-
addbasedCORDICdesign.

In a full-lookup unit, the precision/rangél) determineswidth (I) and height (2})
of the lookup table. The procedurefor implementinglookup-addunits canbe found
elsavhere[12], while thatfor implementingookup-multiplyunitshasbeenoutlinedin
Section3.1.

In contrastparallel,pipelinedCORDIC designsequiretwo parametersthe num-
ber of bits per iteration stage,and the number of stages.Determiningthe mini-
mal precisionof each stageinside CORDIC units is comple<. We can, however,
give an upper bound on the required bits of precisioninside the CORDIC unit:
(I 4 In(# of shift-and-add stages)). Thetotal numberof requiredstagesiepend®nthe
approximatedunction,theinternalscalingmethod10] [1], theprecisionof eachstage,
andof coursethe precisionrequiredat the output.In general CORDIC unitscorverge
at the approximaterate of onebit per stage which we usefor our estimatesA more
precisadeterminatiorof theneededumberof stagesequiresextensie simulationsfor
eachfunction,internalprecision scalingmethodandfor eachoutputprecision.

Figure6 shows the resultsfor the areaof a function evaluationunit, in our case
F(z) = In(z) for Xilinx XC4000FPGAs Xilinx XC4000FPGAsconsistof a2D array
of ConfigurableLogic Blocks (CLBs). EachCLB containstwo 4-inputlookup tables
andtwo flip-flops. In lookup-basedunctionevaluation theproportionof CLBs usedas
lookuptableROM grows asprecisionis increasedlf implementecbnamodernFPGA
architecturesuchasXilinx Virtex devices,CLB countcouldbesignificantlyreducedy
storinglookuptableentriesin availableblock RAMs.

Table 1 shaws the lateng of the fully-pipelined units in numberof clock cycles.
We assumehatthe cycle timesfor the differentunits aresimilar, becauséhey areall
fully-pipelined,possiblyincludinga carry chain,betweerany two registers.

|datawidthlfull-lookup|lookup-addlookup-multiply] CORDI(J

4 1 2 4 5
8 2 2 5 9
12 2 3 6 13
16 3 3 7 17
20 4 4 7 21
24 4 4 9 25

Table 1. Speedcomparisonjn numberof clock cycles,for designswith varying data
width.

To summarizefor datawidth up to around20 bits, a full-lookup unit providesthe
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Fig. 6. Sizecomparisonjn width x height= CLBs, of designswith varying datawidth. Note
thatvaluesfor bipartitetablesareestimatedasedn computationatesourceper CLB.

besttrade-of in size and performanceFor datawidth between10 and 12 bits, the
lookup-adddesignis appropriateFor datawidth betweenl2 and 20 bits, the lookup-
multiply designshouldbe consideredFor datawidth morethan20 bits, CORDIC pro-
videsefficient solutionswithin its limitations.

The arearesultsshawv that for datawidths up to about20 bits, a lookup-multiply
strat@y resultsin similar or smallerareathana shift-and-addCORDIC unit. However,
while thelookup-multiplyunit canbe automaticallydesignedo computeary differen-
tiable function,the CORDIC unit is limited to a small setof elementarfunctionsand
hasa lessregular architectureacrossall possiblefunction evaluationsthana lookup-
multiply unit.

6 Conclusion

The paperpresentsan approachto parameterizeipelineddesignsfor differentiable
functionevaluationusinglookuptablesaddersshiftersandmultipliers. Thisapproach
canbeusedo developefficientimplementationsf functionevaluatordasednlookup
tablesthesizeandperformancef which canbe estimategarametrically

Our approaclhis implementedn C++ aspartof the PAM-Blox modulegeneration
ernvironmentWe demonstratéhat,dependingnthedatawidth, differentlookup-based
implementationdor function evaluationshouldbe usedto improve efficiengy. Exam-
plesconfirmthatthe lookup-multiply approactproducessompetitve designsfor data



widthsup to 20 bits whencomparedvith shift-and-addasedCORDIC units, without
suffering from the limitations of CORDIC. Additionally, the table multiply methodis
applicableto largerdatawidthswhenevaluatingfunctionsnot supportecdby CORDIC.
Currentandfuturework includesassessinthe effectivenes®f thelookup-multiply
approacHor variousdifferentiableunctions relatingourtoolsto otherpipelinesynthe-
sistechniqueg15], retagetingour modulegeneratorso cover the latestFPGAs,and
extendingthedevelopmenframework to supportrun-timereconfigurablalesigns.
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